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Structure functions and polarization observables in elastic scattering of longitudinally polarized 
electron on polarized deuteron are considered within approximation of one-photon + two-photon 
exchange. It is shown that contribution of two-photon exchange in the generalized structure function 
A is of order of few percent, while in the generalized structure function B it is of order of 10-20%. We 
have found that components T2a and T21 of tensor analyzing power are mainly determined by one- 
photon exchange, but T22 is mainly determined by interference between one-photon exchange and 
two-photon exchange. We have also considered polarization observables Tn, C21 and C22 which are 
proportional to imaginary part of the reaction amplitude and vanish in the framework of one-photon 
exchange. 
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I. INTRODUCTION 

Over resent years, the interest to study of polarization 
observables in electron scattering on hadron systems (nu- 
cleons, pions, lightest nuclei) has been raised. This in- 
terest is based on the significant progress in experimen- 
tal technique, as well as on the fact that polarization 
measurements give an opportunity to get more informa- 
tion about structure of the hadron systems, than study 
of unpolarized cross section. For example, polarization 
data obtained in resent years together with unpolarized 
cross sections make it possible to extract important in- 
formation about effects beyond Born approximation in 
electron-proton scattering (see, e.g., [l[ and references 
therein) . 

In case of electron-dcuteron scattering polarization 
measurements play an important role already in one- 
photon exchange (OPE) approximation. Indeed, the 
deuteron, due to its spin structure, has three electro- 
magnetic form factors (the charge, Gc, quadrupole, Gq, 
and magnetic, Ga/, form factors), which are real func- 
tions of one variable, Q^. The Rosenbluth separation 
allows to perform and obtain two structure functions of 
the deuteron: A{Q'^) (a combination of Gq, Gq and Gfj) 
and B{Q^) (proportional to Gfj). To separate all three 
form factors we need to measure an additional observ- 
able. Usually this is t2o component of tensor polarization 
of the deuteron. 



Similarly to elastic electron-nucleon scattering, two- 
photon exchange (TPE) is one of the most important ef- 
fects beyond Born approximation in elastic ed-scattering 



Following Ref. [Bj, Feynman diagrams for TPE dia- 
grams in ed scattering fall into two types: diagrams, 
where both intermediate photons interact with the same 
nucleon, (type I) and diagrams, where photons interact 
with different nuclcons. (type II). In Ref. 0] diagrams of 
type II were calculated using the simplest gaussian wave 
function of the deuteron. In turn, in Refs. d, Q some 
effects connected with diagrams of type I were examined 
in the framework of effective Lagrangian approach 0] . 
Both types of diagrams were calculated simultaneously in 
Ref. M within semi-relativistic approximation with the 
deuteron wave functions for "realistic" NN potentials. 

The aim of the present paper is to study differential 
cross section and polarization observables in the elas- 
tic scattering of longitudinally polarized ultra-relativistic 
electron on polarized deuteron in the framework of 
OPE+TPE approximation. 

The paper is organized as follows. In Sec.|ll]we discuss 
density matrix for spin-1 particle and define polarization 
observables in elastic scattering of longitudinally polar- 
ized electron on polarized deuteron. In Sec. IIIII the po- 
larization observables are calculated in the framework of 
OPE-I-TPE approximation. Numerical results and dis- 
cussion are given in Sec. IIVI 
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rected along transfer momentum q and y-axis is directed 
along k X k' , where k^ and k'^ are momenta of incoming 
and outgoing electrons. 

In this case, according to Madison Convention the 
density matrix of a spin-1 particle (the dcuteron) is given 
by the relation 



kq 



(1) 



where tkq are polarization parameters of the dcuteron 
and Tkq are spherical tensors. The later are expressed 



FIG. 1: TPE correction to the generalized structure function 
A at Slab = 70°. The solid and dash-doted lines are for CD- 
Bonn and Paris wave functions, respectively. 




FIG. 2: The generalized structure function B at Siab = 180°. 
The solid and dashed lines are for OPE-I-TPE calculations 
with CD-Bonn and Paris NN-potentials, respectively, dot- 
dashed is for OPE-parametrization. Data are from Ref. [isj . 
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Ti±i = t(1/2)\/3(5, ± iSy), 
T2±i = t(1/2)\/3[(5, ± tSy)S, + S,iS^ ± iSy)], 
T2±2 - {1/2)VS{S, ± iSyf 



through the deuteron spin matrices S 



1 



1 



5., = -= 1 1 
v2 \ 1 





(2) 



(3) 



From ^ and hermiticity of the spin operator we im- 
mediately get 



'kq 



{~^Yrk-q 



(4) 



and the hermiticity condition for the density matrix 
yields for tkq 



II. DENSITY MATRIX FOR SPIN-1 PARTICLE ,* (r\ 

AND OBSERVABLES ^ ' ^'^'>' ^ ' 

Later on we will work in spherical basis and use a right- After that we come to explicit expression of the dcuteron 

hand coordinate system in which the positive z-axis is di- density matrix 



■^^10 



(ill + t2i) 



{tl-l+t2-l) 

1 - V2t 



20 



(6) 



(iii-i2i) 1- 
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The cross section for elastic scattering of electron with 
helicity sign h on polarized deuteron is given by 



da{h) 




k—l q— — k 



(7) 



where is cross section for unpolarized particles and 
tkg and Tj}^ are polarization tensor of the incoming 
deuteron and analyzing power of the reaction, respec- 
tively. 

The analyzing power is given by 



rph 



Tr[M''TkqM 



(8) 



where Ai^ is scattering amplitude. Similarly to polariza- 



tion tensor, Tt obeys the hcrmiticity condition 



Furthermore, parity conservation implies 



^kq 



(9) 



(10) 



These two conditions allow us to write 

IC 



^10 ^ ^C'lo, 



T\h rji 
20 — ^20, 

21 — -'21 - 



-'l-l 



(11) 



To- 



ihC. 



L 

22 1 



To, 



-T21+lhC^„ 



where Tkq and Cj;^^ are purely real. We call T^q and C^'^ 
analyzing power and correlation parameter, respectively. 
It should be noted that OPE amplitude is real and Tn, 
C21 and C22 are nonvanishing only beyond OPE approx- 
imation. 

Substituting pT|) in ^ and using relation ([5|) we 
get the differential cross section for elastic scattering 
of electron with longitudinal polarization p on polarized 
deuteron 

da dao 



dfl dn 



25Ret2iT2i- 

+2^et22T22 + P [tioCi^a + 25RetnCfiH 

-2^IRt2lC^, + 2^mt22C^2)] ■ 



23mtiirii + t2oT2a 



(12) 




FIG. 3: The TPE correction to T20 at =2 and 3 GeV^ 
(solid and dashed respectively). The bold and thin lines 
are for calculations with CD-Bonn and Paris NN-potentials. 
T§^^ «0 at g2 = 1 GeV^ 
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FIG. 4: The TPE correction to T21 at =1 and 3 GeV^ 
(solid and dot-dashed lines, respectively). The bold and 
thin lines are for calculations with CD-Bonn and Paris NN- 
potentials. T2\'^ ~0 at ~2 GeV^ and relative correction 
becomes infinite. 



All calculations will be done in the Breit frame. In 
this frame it is useful, instead of usual amplitude M., to 
introduce reduced amplitude T\'\^h 



M 



IBtTQ! 



EeEdT}. 



d IX'XJi, 



(13) 



III. POLARIZATION OBSERVABLES IN THE 
SECOND ORDER PERTURBATION 
CALCULATIONS 

It follows from P and T invariancc that elastic scatter- 
ing amplitude of a spin ^-particle (electron) on a spin-1 
particle (deuteron) is determined by 12 invariant ampli- 
tudes. Putting the electron mass to zero reduce the num- 
ber of invariant amplitudes (form factors) to 6 (see, e.g.. 



where a « 1/137 is the fine-structure constant. A, A' are 
spin projections of the incoming and outgoing deuteron 
and Ee and Ed are energies of the electron and deuteron 
in the Breit frame. For the reduced amplitude we will 
adopt the following parametrization Q 



/^iicosf ~^g'^, g>i_, \ 



\'X:h 
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V S7 



(14) 
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FIG. 5: 122 at Siab = 70°. The dashed line is for OPE calcu- 
lations, the solid and dash-doted lines are for OPE+TPE cal- 
culated with CD-Bonn and Paris NN-potentials, respectively. 
Data are from [l^ and [13] (circles and boxes, respectively). 
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FIG. 6: Til at =1, 2 and 3 GeV^ (solid, dashed and dot- 
dashed lines, respectively). The bold and thin lines are for 
calculations with CD-Bonn and Paris NN-potentials. 



where 6 is scattering angle in the Breit frame, r\ = 
g2/(4M2), M is the deuteron mass and 

gfo = /i+/isinf/2, ef,_i = ./3 + /isinf/4. (15) 

The form factors Q\\. tJoOj /i- fi are complex functions 
of the two independent kinematical variables, for exam- 
ple, and the commonly used polarization parameter 



l+sin2 I • 

Instead of the the form factors Qn, Qqq, /i, /4 the 
following linear combinations are introduced 



= o (^11 + 2^?oo) , Sq — {Goo - Gil) , 
S 2i] 



fi + sin^ f /2 



1 + sin 



2 



91 



h-h 
1 + sin^ I 



(16) 



52 — /a J 53 — fi- 



We call 5c(Q^e), GqiQ'^^e) and GniQ^^e) the general- 
ized electric, quadrupole and magnetic from factors. In 
zeroth order in a the generalized electric, quadrupole and 
magnetic from factors are reduced to the usual electric, 
quadrupole and magnetic form factors, Gc{Q^), Gq{Q^) 
and Gm{Q^), while the form factors gi{Q^,e), g2{Q^,e) 
and g^iQ^, e) are of order a and vanish in the Born ap- 
proximation. 

Substituting (Il4l)-([l6l) in Eq. ^ we arrive at the fol- 
lowing expressions for analyzing powers 



720 — 



1^21 



8{?iie{GhGQ) + j\GQ\' 



-{1 + 2tg^ I)\Gm\'] 



[2coslr,^ciGljGQ) 



-GaMc (sin + 92) 



T22 — 



2 sin^ I cos ^rj^egiGq] , 
1 [-cos^fyyl^Mp- 



2\/3cos2 |5 
-4sin^ ^riGu^egi- 



Tu = 



-4cosf(Gc 
^1 



\r]GQ)^eg2] , 



3\/3 



cos2 %S 



X [2cosf9m(a;^,(3gc + ??^Q))- 
-2 sin^ I cos I (3Gc + jyGg) Smgi- 
-3GAf3m (sin^ f 33 + 52)] , 



and polarization correlations 



'-'21 



1 



„2 B . 
S 2"- 

[-77 sin 6* (3m (GmGq) + GgSmgi) - 

- sin f GA/3m (32 + 53)] , 
1 

V3cos2 
[sin ^(Gc 



G 



10 



'-'11 



^'^tgf 

Vv 



-\G. 



M\ 



r]GQ)'^ing3+ 
- 1) rjGM'^i'n.gi] , 
cos^ iGM^iegi 



cos 2*5 



(17) 



(18) 



3\/3cos2 15 



{sin0[5Re (g*,(3gc + Jy^g)) 



-(3Gc + ?7GQ)5ie5i] + 
+3sinfGM5ie (52+53)}, 

where we neglected terms of order and thus GkGl = 
GkGl + 5G*kGl + GkSGl. {K,L) = {C,Q,M), Gk = 
Gk + SGk: Gl = Gl + 5Gl; 



S = A + Btg'^, 



(19) 
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FIG. 7: C21 and C22 at =1, 2 and 3 GeV^ (solid, dashed 
and dot-dashed hnes, respectively). The bold and thin lines 
are for CD-Bonn and Paris NN-potentials. 



FIG. 8: C22 and Cfb at =1, 2 and 3 GeV^ (sohd, dashed 
and dot-dashed lines, respectively). The TPE calculations 
are for CD-Bonn potential. Dotted lines are for the OPE 
approximation. 



with 

AiQ\e) ^ \gc\' + IrfiGgi' + IvIGmW 

are generalized structure functions and tg^6'iab/2 = (1 + 



IV. NUMERICAL RESULTS AND 
CONCLUSIONS 

In previous section the generahzed structure functions 
A{Q^,6) and B{Q^, 9) and polarization observables were 
expressed by generalized form factors. Now we will cal- 
culate behavior of all this quantities. 

In numerical calculations of the TPE amplitudes we 
used semi-relativistic approach of Ref. M with the 
deuteron wave function for CD-Bonn and Paris 
(1^ NN-potentials. The deuteron form factors Gc{Q^), 
Gq{Q'^) and Gm{Q'^) were taken from parametrization 
of Ref. [1^ with parameters taken from fit of Ref. . 

We find that TPE contribution is of order of few per- 
cent (see Fig. [Ij in the generalized structure function A, 



while in the generalized structure function B it is more 
significant. For example, aX 9 = 180° and > 2.5 GeV^ 
TPE effect are estimated to be 10 to 20 % in B (Fig. [2|). 
One also sees, that value of TPE correction is strongly 
dependent on the deuteron wave function. 

The e dependence of relative TPE correction to T2Q 
and T21 at few values of Q'^ are shown in Figs. [3] and |4l 
One can conclude that TPE is not significant in T2q. In 
T21 the role of TPE effects increases with Q^. For ex- 
ample, at =3 GeV^ the TPE correction comes up to 
20%. In T22 the interference between OPE and TPE am- 
plitudes becomes a dominant contribution, Fig. [SJ The 
latter conclusion is obvious, because Gc/Gm ^10 and 
the term | cos ^Gc'^cg2 ranks over the term cos^ ^G\j 
in the expression for T22 (see Eqs. (ITTl) ). 

Our estimations for the observables, which vanish in 
the OPE approximation (Tn, C21 and C22), are displayed 
in Figs. El and in 

We have also found that TPE makes only slight 
changes (not more than few percent) in Cio and Cn cor- 
relations. Fig. m 

In conclusion, we have considered general structure of 
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differential cross section for elastic scattering of longitu- 
dinally polarized electron on polarized deuteron. 

The generalized structure functions A and B and po- 
larization observables in this reaction arc calculated in 
the framework of the one-photon -I- two-photon exchange. 
We find that TPE contribution in the generalized struc- 
ture function A is less than experimental errors (about 
few percent) and about 10-20% in the generalized struc- 
ture function B at >2.5 GeV^. 

While in T20 TPE correction is minor, interference be- 
tween OPE and TPE becomes dominant contribution in 
T22 at Q2 >0.5 GeV^. This means that may be 
a good object for experimental study of two-photon ex- 
change in ec?-scattering. We have also calculated polar- 
ization observables Tn, C'21 and C22 which are propor- 
tional to the imaginary part of the reaction amplitude 



and vanish in the framework of one-photon exchange. 
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